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Abstract

It is shown how the Wheeler-DeWitt and Hamilton-Jacobi equations for a
two-dimensional minisuperspace may be solved in full generality if the super-
potential of the wavefunction is a separable function of the minisuperspace null
coordinates. In this case, the system may be viewed as a constrained oscillator-
ghost-oscillator model. These solutions describe the quantum cosmology of a
renormalizable two-dimensional dilaton gravity theory and the quantum dy-
namics of the event horizon in Rindler space-time.
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In the canonical quantization of General Relativity, the classical Hamiltonian con-
straint H = 0 is viewed as a quantum mechanical operator that annihilates the
physical states ¥ of the Universe: H¥ = 0. This functional differential equation gov-
erns the dynamics of the wavefunction in an infinite-dimensional configuration space
known as superspace. Currently it is not known how to solve this equation in full
generality, but progress can be made by imposing a high degree of symmetry on the
system and considering a dimensional reduction of superspace to a finite-dimensional
sector known as minisuperspace. If the minisuperspace is two-dimensional, the Hamil-
tonian constraint (Wheeler-DeWitt equation [1]) has the generic form of a hyperbolic,
second-order partial differential equation:
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5%-5%3—4m2(a,ﬁ) ¥ =0, (1)
where the ‘superpotential’ m?(a, 8) is some function of the minisuperspace coordi-
nates (a, §).

Equations of this form also arise in a number of other fundamental problems in
physics and cosmology and it is therefore important to develop techniques that allow
exact solutions to be derived in a straightforward manner. The purpose of this letter
is to illustrate how this equation may be solved for a wide class of m?(a, ). We
assume that the superpotential is positive definite, although the analysis is easily
extended to negative potentials. Examples include minisuperspaces corresponding to
a (1 + 1)-dimensional dilaton gravity theory and the event horizon of the Rindler
space-time.

If the function m?(a, B) is independent of the minisuperspace coordinates, Eq. (1)
may be transformed into the canonical form

a2
[auav B 1] ¥=0, (2)

where u = m(a+ ) and v = m(a —~ ) are null coordinates over minisuperspace. This
equation has been studied previously by Page [2] and one family of solutions is given
by ¥, = e~iu+iw/b where bis-anm~arbitrary-complex constant:-This-family forms the
basis for the general solution which can be expressed as the two-dimensional integral
Veen = [ d?L(D,5")¥;, where the density L(,5%) is an arbitrary function. The
wavefunction is bounded and square-integrable if L(b, b") is finite and only supported
in a compact region when Imbd < 0 [2]. In this case, Cauchy’s theorem implies that
the two-dimensional integral may be replaced by the line integral

+o0
Vg = [ M), (3)
where M(b) is an arbitrary function.

In general, however, it is rather difficult to evaluate the integral (3) analytically.
On the other hand, new exact solutions may be generated after further coordinate

1



transformations. For example, the transformation r = /v — /u, y = /v + \/u maps

the system onto a constrained oscillator-ghost-oscillator model, where the \Wheeler-
DeWitt equation is the wave equation for two harmonic oscillators with equal and
opposite energy [2, 3, 4]. The general solution is ¥ = ¥ ,c,¥,, where ¢, are

arbitrary complex constants,
¥o = (2°n!) "' Ha(z) Ha(y) exp[-(2* + 47) /2], (4)

and H, is the Hermite polynomial of order n. The ground state is defined by n =0
and ¥, form a discrete basis for all bounded wavefunctions satisfying the unit-mass
Klein-Gordon equation (2).

Thus, the general bounded and square-integrable solution to Eq. (1) may be
found whenever this equation can be transformed into Eq. (2). We now determine
the constraints on the functional form of the superpotential that must be satisfied for
this to be possible. To proceed we introduce new variables u = u(o) and v = v(r)
that are arbitrary functions of the minisuperspace null coordinates ¢ = a + 8 and
7 = a— 3. These new variables satisfy the boundary conditions 8u/8a = 8u/3f and
Ov[/Ba = —0v/3P and these constraints ensure that the derivative terms in Eq. (1)
are transformed into the canonical form:

udy & _
Jda 8a dudv

It follows that Eq. (5) reduces to Eq. (2) if the new variables u© and v are themselves
solutions to the equation

2 Budv _dudo
™ = %ada " dodr (6)
Consequently, the general solution to Eq. (1) can be deduced immediately if a solution
to the constraint equation (6) can be found. Effectively, the problem of solving the
linear, second-order partial differential equation (1) has been reduced to finding a
solution to the non-linear, first-order equation (6) and in many cases it is considerably
easier to solve this latter equation.
Indeed, it is clear from the second equality in Eq. (6) that when the superpotential

has the generic form
m?(a, f) = my(o)m_(7), (M)

where m 4 are some known analytical functions, Eq. (6) admits the general separable
solution

u= z/addm+(a'), v=2z"! /rdr'm_(r’), (8)

m2] ¥ =0. (5)

where z is an arbitrary separation constant. Thus, the general solution to Eq. (1) is
given by Eqgs. (3) and (8) whenever the superpotential is a separable function of the
minisuperspace null coordinates.



As well as being interested in exact solutions to the Wheeler-DeWitt equation,
however, it is also important to determine semi-classical wavefunctions in the WKB
approximation corresponding to & — 0. In this approximation the wavefunction is
viewed as a linear superposition of waves ¥ ~ e~*5/% where S is interpreted as the
classical action that satisfies the Hamilton-Jacobi equation.

When Eq. (6) is satisfied the Hamilton-Jacobi equation has the form

2298 - ©)

dr v~ '

where r = \/2u and this equation can be solved in full generality by employing a
Legendre transformation [5). We define new variables £ = 85/dr, n = 8S/8v and
a new function p(§,n) = r€ + vn — S(r,v). Partial differentiation with respect to £
implies that r = 9p/0¢ and substitution of this result into Eq. (9) implies that

=z = —§1. (10)
The general solution to this equation is

&) = —5nE" + (), | (11)

where f(n) is an arbitrary function of 7, and the calculation is completed by trans-
forming back into the old variables. We deduce immediately that r = —¢n and partial
differentiation of the solution (11) with respect to n implies that

9 _ _ 1, dn)
an v= 2E + dy (12)
Thus, it follows from the definition of p that
2u df (n)
S=-—- +n—
. f(n)+n dn
=_3, df(n) (13)

7 dp

All developable solutions to Eq. (9) cap be written in this fashion and Eq. (13)
therefore represents the general solution to the Hamilton-Jacobi equation (9) in para-
metric form. In principle, once f(n) is specified we can determine 7 = n(u, v) from
the second equation in (13) and substituting this result into the first equation yields
the action in terms of u and v, or equivalently, in terms of the original minisuperspace
coordinates a and f via Eq. (8) 6]

Some particular examples are of interest. One solution to Eq. (9) is S = bu—b"1v
and this semi-classical wavefunction is identical to the family of exact solutions ¥,
that satisfy the Wheeler-DeWitt equation (2). In this case the WKB approximation

is exact. A second separable solution is given by S = :t2i\/(u - u;)(v — v;), where
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{ui,v;} are constants and this solution corresponds to f(n) = —u;/n. Finally, exact
expressions for n(u, v) can also be found if f «x n, f x *3 and f x Inn.

There are a number of interesting minisuperspaces for which the above techniques
and solutions are relevant. In many cases the superpotential of the wavefunction is
independent of one of the null coordinates, i.e. it is a single function of either o or 7.
This is the case for the minisuperspace corresponding to a dimensional reduction of
five-dimensional Einstein gravity {7]. The Kantowski-Sachs and Bianchi III Universes
containing vacuum energy also admit this type of separation [8]. More generally, if
m%(a,B) = a — B, Eq. (1) may be separated into Airy's equation and this implies
that the general solution to Eq. (2) may also be expressed as a combination of Airy
functions Ai(a + z) and Bi(8 + z), where z is an arbitrary constant.

The gravitational component of the Wheeler-DeWitt equation derived from a
(1 + 1)-dimensional dilaton gravity theory leads to a superpotential of this form.
Recently there has been considerable interest in (1+1)-dimensional theories of gravity
coupled to matter [4, 9, 10, 11], since these are exact string theories if the space-time
is interpreted as the string world sheet. In particular, the one-loop, string-inspired
effective action discussed in Ref. [10] has the form

S= l/ &z [-1a+xa_x+ lo.00.0
TJIM [ K

N
x4 % Y 8. f;0-f; (14)

=1

in the conformal gauge, where M is the two-dimensional manifold, f; are conformal
scalar fields, 1 is a rescaled dilaton field and y is a Liouville-type field. The constants
k = (N — 24)/12 and y4? are assumed to be positive-definite [12]. The Wheeler-
DeWitt equation corresponding to this renormalizable model of dilaton gravity has
been derived by calculating the Virasoro generators for a space-time topology R x S!
[13] and has the form

£0 & 1 0
10 10m 2 23f,
_4u2e2(Xo~Qo)/n - = 2] ¥ =0, (15)

where xq, etc., represent the zero modes of the harmonic expansion of the fields on
the cylinder. o

If we separate the wavefunction into its gravitational and matter components
with the ansatz ¥ = ®(xo,%)¢(fio), introduce a separation constant Z2 < « + 2
and identify (a, 8) with (xo, ), it is readily seen that & statisfies Eq. (1) with a
superpotential « f the form

" km? = 4l xo=NoVe (o 49 72). (16)



Since this is a single function of (yo — Q0), Eq. (8) implies that the solution may be
written in terms of the new variables

u = z(xo + o)
v =z [2p2e2’°/" +& N e+2- ZQ)TQ] , (17)

where 75 = xo — (0.
A third class that has many applications is

m? = mle@*18, (18)

where {my, 7, €} are arbitrary constants subject to the single restriction that v 7# e
[14]). Eq. (18) separates into m (o) = mge“*1/2 and m_(7) = mpel*"""/2 and this
class may be solved with the coordinate transformation

22M0 (hmorz = 2O ()2 (19)
€+ ’ z(€—7)

Spatially flat, isotropic Universes containing a single scalar field that self-interacts
through an exponential potential lead to a superpotential of this form and many
natural extensions to Einstein gravity, including some Kaluza-Klein and R" higher-
order gravity theories, are conformally equivalent to this theory. Superpotentials of
this type also arise in some Bianchi class A Universes [15].

Moreover, this class may be relevant to the study of quantum black holes. A dis-
tant, static observer can describe a quasi-stationary, classical black hole in terms of
a ‘stretched horizon’ or ‘membrane’ located just outside the event horizon [16]. How-
ever, since this membrane is not seen by a freely-falling observer, the physical reality
of such an object has remained uncertain. In principle this ambiguity is resolved by
the hypothesis of black hole complementarity [17]; if the separate measurements made
by ‘the stationary and freely-falling observers are complementary, the latter observer
has no way of reporting the non-existence of the membrane to the former and as far
as the static observer is concerned the membrane is a real, physical quantity.

Motivated by these considerations, Maggiore recently proposed a quantum de-
scription of black holes by identifying the membrane's degrees of freedom as the
variables to be quantized [18]. In this picture the membrane dynamics is determined
by the Dirac action of a closed relativisitic bosonic membrane in four dimensions:

Smem = “pL dafv ~detyas

oz 0z*

Yab = gpué_ft'é'f_b_, (20)

where p is the membrane tension, v, (a,6 = 0,1,2) is the metric induced on the
membrane by the space-time metric g,, and =¥ = z#(£°) (4,v = 0,1,2,3) are the
embedding equations that map the membrane’s manifold X into its world-volume in
space-time [19]. The coordinates £* parametrize this world-volume.
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As with quantum cosmology, however, it is necessary to impose a high degree of
symmetry on the theory in order to proceed analytically. A very useful approximation
to a black hole event horizon is given by the horizon of the Rindler space-time

ds? = —g22%dt? + dr® + dy? + d:2. (21)

This is the metric as seen by an observer undergoing uniform acceleration ¢ in
Minkowski space-time. It has a future (past) event horizon at z = ¢t (z = —t)
that is formally equivalent to the Schwarzschild black hole event horizon in the limit
of infinite mass.

In order to determine the quantum dynamics of this horizon, we assume that
the embedding equations have the form z# = [z9(€7),¢€',€2,2(€%)). The non-zero
components of 7, are then calculated from Eq. (20) and the action simplifies to

(22)

dy4 dy8]'/?
mem ==-p /ds [GAB_"'S_' ds } )

where o = p [ dzdy, Gap = g*25e?9* diag(1l,~1), Y4 = (29, 2.) and gz. = In(z/2).
This is the action of a point-particle moving in a (1+1)-dimensional space-time with
metric G4p and coordinates Y4 and it is straightforward to show that the Hamilto-
nian of this particle vanishes..The system is quantized by defining the commutation

relations [Y4,p5]_" = i648, where p4 = (p,s,p..) are the conjugate momenta, and
the analogue of the Wheeler-DeWitt equation is

o? o? .

522 83 (6'970)%e* ] ¥ =0. (23)

Comparison with Eq. (18) therefore implies that this equation reduces to Eq. (2)
after the coordinate transformation

u= ;bp 2 eg(x.+:o) lbp zOeg(:.—zo) (24)
Hence, this model also admits the quantum and semi-classical solutions derived above.

In conclusion, we have shown how the general solutions to the Wheeler-DeWitt
and Hamilton-Jacobi equations corresponding to a two-dimensional minisuperspace
can be found analytically if the superpotential has the generic form given by Eq. (7).
More generally, these equations can be solved whenever new coordinates © = u(0o)
and v = v(7) can be found that satisfy Eq. (6).

The author is supported by the Particle Physics and Astronomy Research Council
(PPARC), UK, and is supported at Fermilab by the DOE and NASA under Grant
No. NAGW-2381.

1. B. S. DeWitt, Phys. Rev. 160, 1113 (1967); J. A. Wheeler, Battelle Rencontres
(Benjamin, New York, 1968).



2
3

10.
11.

12.

13.

14.

15.

16.

. D. N. Page, J. Math. Phvs. 32. 3427 (1991).

. S. W. Hawking, Phys. Rev. D37, 904 (1988); S. W. Hawking, Mod. Phys. Lett.
A5, 453 (1990); S. W. Hawking and D. N. Page, Phys. Rev. D42, 2655 (1990);
T. Dereli and R. W. Tucker. Class. Quantum Grav. 10, 365 (1993): T. Dereli.
M. Onder and R. W. Tucker, Class Quantum Grav. 10, 1425 (1993).

T. Dereli, M. Onder and R. W. Tucker, Phys. Lett. 324B, 134 (1994); M. Onder
and R. W. Tucker, Class. Quantum Grav. 11, 1243 (1994).

C. R. Chester, Techniques in Partial Differential Equations (McGraw-Hill, New
York, 1970).

It should be emphasized that the Legendre transformation is only self-consistent
if the Jacobian does not vanish and one should always verify that this condition
is satisfied.

L. J. Garay, J. J. Halliwell and G. A. Mena Marugan, Phys. Rev. D43, 2572
(1991).

J. Uglum, Phys. Rev. D46, 4365 (1992); L. M. Campbell and L. J. Garay, Phys.
Lett. 254B, 49 (1991).

Fora recent review of the field the reader is referred to L. Susskind, L. Thorlacius
and J. Uglum, Phys. Rev. D 48, 3743 (1993).

J. G. Russo, L. Susskind, and L. Thorlacius, Phys. Rev. D46, 3444 (1992).

J. G. Russo and A. A. Tseytlin, Nucl. Phys. B382, 259 (1992); A. Bilal and C.
G. Callan, Nucl. Phys. B394, 73 (1993); S. P. de Alwis, Phys. Lett. 289B, 278
(1992); 300B, 330 (1993); Phys. Rev. D46, 5429 (1992).

The reader is referred to Ref. [10] for a review. The numerical value of « is
determined by including the one-loop contributions from the reparametrization
ghosts, dilaton and confornial fi€lds. The theory is finite if k = (N — 24)/12.

F. D. Mazzitelli and J. G. Russo, Phys. Rev. D47, 4490 (1993).

If v = +e, the superpotential becomes a single function of one of the null
coordinates and this corrésponds to the case considered earlier.

M. P. Ryan Jr and L. C. Shepley, Homogeneous Relativisitc Casmologies (Prince-
ton University Press, Princeton, 1975).

K. S. Thorne, R. H. Price, and D. A. Macdonald, Black Holes: The Membrane
Paradigm (Yale University Press, Yale, 1986); and references therein.



17. G. 't Hooft, Nucl. Phys. B256, 727 (1983); B335, 138 (1990); L. Susskind, L.
Thorlacius, and J. Uglum, Phys. Rev. D48, 3743 (1993); L. Susskind, Phys.
Rev. Lett. 71, 2367 (1993); L. Susskind and L. Thorlacius, Phys. Rev. D49,
966 (1994); L. Susskind, Phys. Rev. D49, 6606 (1994); M. Maggiore, Phys. Rev.
D49, 2918 (1994).

18. M. Maggiore, " Black Holes as Quantum Membranes”, preprint IFUP-TH 6/94,
1994 (unpublished). .

19. P. A. M. Dirac, Proc. R. Soc. 268A, 57 (1962).



